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"ABSTRMCT

Soil is idealized as a weightless isotropic frictional material
with cohesion, and quasi-static solutions are obtained to thi two-
dimensional problems of indentation by a plate with a single spud and
an infinitely long plate with equally spaced spuds of uniform depth.
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OBJECT:

The object here is to analytically investigate the action of
grouser plates under applied load. The grouser plate of Figure 1
simulates a weapon spade. and that in Figure 9 a bulldozer track. It will
be attempted to obtain solutions in a form which can be interpreted by a
designer in selecting an optimum plate geometry.

INTRODUCTION:

The problem of initial indentation of a half-space of soil by a
rigid translating grouser plate will be considered as a two dimensional
problem as shown in Figure 1. The plate can be taken to translate at
angle C to the horizontal; the essential analytical result is then the
magnitude P and the line of action of the corresponding collapse load.
Alternatively, the problem can be considered as having the inclination d
of the collapse load specified; P and 8 are then the essential results.
For definiteness in limiting the scope of the paper, solutions will not
be considered for? .

The specification of descriptive and yet analytically simple plate-.
soil interface conditions for this problem is tricky and reflects judgment
based to some extent on experimental and field experience. The interface
is here taken to be perfectly rough unless the solution involves separation
there (as in Figure 6(a)), in which case the traction vector is taken to
vanish. Thus, the solution will in part determine the interface condition.

Bekker (1) stressed the practical importance of developing ground
failures rather than grip failures in land locomotion. If 9 is large
in Figure 1, then the situation corresponds to what Bekker termed "ground"
failure. If 0 is sufficiently negative, then the situation corresponds
to what Bekker termed "grip" failure. Deformed configurations for
9 = - 250 and +100 corresponding to equal amounts of plate displace-

ment are shown respectively in Figures 6(a) and 6(b). In Figure 6 (a) the
plate has lifted, and thus it is a smaller section which remains to be.
failed. Furthermore, the deformation is concentrated on a plane leading
"to the free surface. It is likely that failure (i.e. the complete
splitting away of a soil mass translating rigidly with the plate) would
occur at a much smaller plate displacement in an experiment or a field
situation described by'Figure 6(a) as contrasted with Figure 6(b.).

This analysis takes the soil parameters cohesion and internal
friction to be constants and neglects soil weight, end effects of the
grouser plate, and soil flow out of the plane. Plate end effects become
important in situations where the grouser width/depth ratio. is not large.
Soil weight is important in this problem if the soil is cohesionless,
and also if the soil has cohesion and the grouser depth is large.



Inclusion of these effects would lead to larger loads so their neglect
here could be thought of as lending an analysis on the safe side. Soil
flow out of the* plne becomes important in situations where the plate
length/width ratio is substantial and flow can occur at an-almost vertical
load. A practical example of this is the tracked vehicle problem where
soil bearing~capacity does not substantially exceed the vehicle weight.
The inclusion of this effect would lead to a smaller collapse load.

Plates are frequently designed with curved or inclined grousers as
shown in Figure 2. Provided that the back face of the grouser does not
approach the soil behind the plate, the present analysis is applicable.
The essential plate parameters here are OD and IE 0 Db as shown in
the figure.

Two dimensional indentation by an infinitely long rigid plate with
equally spaced grousers is considered as in Figure 9. For :this problem.
material incompressibility prevents plate displacements with - > 0.
Corresponding to a given value of d , distinct values Q of collapse
load/unit plate length will be found. Until experiment dictates other-
wise, it seems reasonable to conjecture that the solution to which there
corresponds the smallest value of Q would be most descriptive of field
situations.

THE GOVERNING EQUATIONS:

For a frictional material (2), the stress state is taken to obey the
Coulomb limit condition; i.e. on no surface is the magnitude '1Y of the
shear stress vector allowed to exceed C- Gw , where. c is
cohesion and tan cP and 'To are respectively the friction coefficient
and normal stress on a surface. Expressed alternatively, the Mohrls circle
defined by G, and qs , respectively the algebraically greatest and
least principal stress components, must lie inside of or just-touch the
Coulomb line of Figure 3(a). If the circle touches the envelope, then as
indicated-by Figures 3(a) and 3(b), the equation

(ax+'ay)sin p + -y)2 + 4T 2 2c cos * (

holds, where x and y axes are taken in the plane of q and "3.
In the absence of body force, the equations of plane equilibrium are
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Bax + • 0
ox •y

(2)

The equations (1) and (2) can be transformed into a system of two first
order. quasilinear hyperbolic differential equations with characteristics,
"usually termed c lines and 0 lines, inclined at -(2'-r ) and

+ to the direction of ..

If V denotes the angle of inclination of the direction of 6 to
the x-axis as shown in Figure 4., and - + is denoted by

S.S 3)

then the state of stress is determined by p and V whereever
equation (1) holds, and the characteristic equations

cot q dp+ 2(p + c cot p)dYn 0 (4)

and

cot c dp - 2(p + c. cot cp)dY - 0 (5)

must hold on sL and P lines respectively.

The material is rigid if the circle in-Figure 3(a) does not touch
the envelope. If the circle touches the envelope, then deformation can
occur by plane strain in the plane df Gi and Ts either by a tangential
jump of velocity across an cL or P line or with zero volume change by
a continuous velocity field in which the direction of algebraically
greatest principal strain rate, f , is inclined at either - or

+ 40,.Y to the direction of g, . The velocity equations corresponding
to either of these inclinations are a system of two first order linear
hyperbolic equations; for the former inclination the % line is one
characteristic and the line orthogonal to the c line, termed a I line,
is a second characteristic; for the latter the a line is one character-
istic and the line orthogonal to the • line, termed a p line', is a
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second characteristic. The characteristic curves are shown in Figure 4.
If vw. , Va, Vp , and Vy denote the projection of "the velocity
vector on the corresponding characteristic line, then in the former case

d vadY

S( )

must be satisfied on • and a lines respectively; in the latter case

.dv + VdY=O0
p (8)

and dv -vd 0
P (9-)

must be satisfied on • and t lines respectively.

ANALYSIS OF THE SIGLE SPUD PROBLEM:

Solutions exhibited will consist of the stress characteristic fields
of Figures 5*(a)-(ld), solutions of equations (4) and (5), and velocity
fields which satisfy equations (6)-(9) where they are continuous and take
a tangential jump across and c or 0 line where they are discontinuous.
The velocity solutions, if maintained during a small plate displacement,
will distort initially square grids as shown in Figures '6(a)-(d). The
regions outside of the characteristic field Of Figures'. 5(a)-(d) are taken
to be rigid. A collapse load will be associated with the. stress fields.

The introduction of the variables f , , and 4A of Figure 5
will facilitate the analysis. The inclination to the horizontal of the

cc line which intersects the point D is denoted by Q . 4 EOD> in
Figures 5(b)-(d) is denoted by p ; in Figure 5(a) the inclination to
the plate of the c. line which intersects the point -D is denoted by

S; the point of intersection with the plate is labelled as A . OD
in Figures 5(b)-(d) is denoted by ' , in Figure 5(a) the length of the
cc* which intersects the point D is denoted by e . An expression

*.The stress characteristic field of Figure 5(b) was proposed by
Haythornthwaite (3).
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for the collapse load will be obtained which will equilibrate the uniform
stress states along the lines AD of Figure 5(a) and OD of Figures
5(?))-(c).

For plates with < EOD . sufficiently small (if @ = 3009 then
< EOD > cannot exceed about 360) the characteristic field of Figure

e 5(c) can be constructed with <BOD> =" <CDG> . For < EOD> in
'this range, one of the fields of Figures 5(a), (b), or (c) will be
appropriate depending on OF and <EOD > . Otherwise one of the fields
"of Figures 5(b), (c), or (d) is appropriate depending on i and . EOD>

An equation which relates 0 to < EOD > in-Figure 5(c) can be
obtained by equating the length of ED to C sin < EOD > and also to
the length of FD times s;n (2 0 -- -X ) . There results the expression

sin(-Iy -qp)sin< EOD > -

2sLn20q, ..)os-'- -- sin(..+p- EOD >-e)e

It follows from trigonometric identities that

- .~- +e)tan
tan(e - cos S e cot < EOD >. (10)

'"' 2cos(28-qp)cos( - - 7r)coS(O-q,)

For sufficiently small <. EOD>, equation (10) will have a solution for 9.

A pressure distribution which satisfies equations (4) and (5) in the
fields of Figures 5(b)-(d) is

P c Cos 0P "(-in• •7 in OAB,

~ 2+8-0 tan CP
p c cot [ (1- sin ." in OBC,

I- j.+e)ta n cp
and p c cbt . ( -1 in OCDE.. (11)[ (1-sin ]



.1€

Equation (11) holds -also in EAD of Figure 5(a).

If the chara'cteristic field of Figure 5(b) applies, then a velocity
solutidn for which ,the perfectly rough plate translates with' speed V at
angle 0 = 0 to the x-axis is

vV V
in OCDE, (12)

V~r- 0

v~ -V~ --~+6) tanp." vO Ve ''

}in OAB,

V -
Y

and v -V sin c e p tan

v•in OBC.v V Vcos cp e"- tan c

P

Equation (12) also applies to region EAD of Figure 5(a). The velocity
vector experiences a tangential jump across the or line'-intersecting the
point D.

A velocity solution valid for . _. • 7t corresponding to the
field of Figure 5(c) is

v V cos(O -e) O E
in, OCDE,

v .= -V sin(e -6)

V - -V tan cp cos ( -e - O+ )e1-V tan cp

v... , in OBC,

vp V eo e -8 + CP) e"1p tan .

.. .. 6



V = cos(e- +)tan
Cos Cos (8 +,)

in OAB,
v -O0V

v - -V tan • sin(e Qe)e4'1tan .e

in DCG2
v w V sin(e -e)e'•'tan nD

and v= - V sin(@ -e)e"- + +)tan q

"V in FEDG.

The velocity vector undergoes a tangential jump across the curves FGC,
CBAt, DC and CO, and the region translates with the zone FGD.

If the stress field of Figure 5(d) applies, then a velocity
solution valid'for <EDO>+

v = V cos(@ - <EDO> -eP) 'iaJ in OCE,

v -V sin(8 -< EDO >-CP)Y)
- -V tan ( cos(- < < EDo >)e" ttan

P,

T- V+cos( - < EDO >)e"tan } A

an cos( < EDO >)e +<E O>Tand v•"COS CP

in OBC.

V7Y



Tangential jumps in :.velocity occur across CBU and CO.

Figure 7 w-ill facilitate the determination of the .magnitude P and
inclination (f of the corresponding plate collapse load. 'The inclination

(If-f ) of the plate collapse load to. a is the same as the ihclination
of the stress vector on OD to Z and the magnitude P of the load is
e times the magnitude of the stress vector. It follows from Figure 7(b)

and equation (il) that

¶cn R cos(20,+2-cp) - P/t sin(6-C) , (13)

E Lp + R sin(2e +29-tp) - P/t, Cos(6-g) (14)

where
-- +e) tan .

R C C Cos CP{ ( -s I.. (15)

and

P/R - U-(i. sin co)e'2 - ,,,,,+0)tan (16)
sin cp

From equations (13), (14), and (16) there follows

coCt(6-9) M pin [ 29t29-qp+. 1- U(-sibqC)e -

cos(2 0e+ 2  )L s Si-nl J
(17)

+2-)Cs 2(w OT~ +e) tan cpP/$ "cos(-281+29-4~cos e

PA C0( 2  e if. 6# 0 C (18)
s!,(.6-9) (1-sin CO

So'. 8



and ..

2 l+G) ~ tan.~ +
= cos C- e (

cos(8Q L1si COJ][

1-01-sin ,e C ) + (19)
... sin cp

PLATE PRFORMANCE CURVES:

For applications, equations (10), (17), (18), and (19) can be
conveniently represented by plate performance curves. For 4 = 300
(a reasonable value of # ) Figure 8 shows such curves for = 00,

150, 300, 45O, 600, 750, and 9006 and their use in performance prediction
of plates with < EOD> = 00, 15 , 300, 450 600, 750, or 900 will be
explained. Plates with other values of < EOD> cbn be treated by inter-
polating between the curves.

if f is given, then ordinarily the curve for f = <'EOD > will
associate values of49 and P/Ic, with Cf . If tF is so small that
the curve for < = EOD > is not ouched by a vertical line from W.,
then the plate will translate with 9> • , the situation thus being
outside the scope of the present paper. If d is so large that the
curve for ( = (EOD> is not reached, then 9 and P/n, can be
obtained using the dotted curves; ( EAD > of Figure 6(a) is then equal
toG.

If 9 -is given, then ordinarily the curve for t= <•EOD > will
associate values of ( with 0 . If 9 is so small that the curve
for 0 = <EOD7 is not reached by a horizontal line from .9 , then
the dotted line will associate a value of 6 with 9. ; e. EAD> of
Figure 6(a) is then equal to S . In either case, P/%ee can then be
determined from d as in the preceding paragraph.

ANALYSIS OF TBE INFINITE PLATE PROBLEM:

In Figure 9, if 4. is sufficiently small (less than about 25O if
4= 300), the plate will not displace. For larger values of (

three alternative solutions are exhibited. The stress characteristic
fields for these solutions are shown in-Figures 10(a)-(c)., where t in
Figures 10(a) and 10(b) is arbitrary. If the pressure is an arbitrary

9



constant in these fields, then equations (4) and (5) are satisfied. The
solution corresponding to Figure 10(c) requires.- *> 4 EOD> by an
amount sufficient so that the region DAOB can support the required
traction along -AD . A collapse load will be ýassigned to each of the'
stress fields.

Take the plate to translate with speed. V. Then-a velocity solution
corresponding to Figure 10(a) for. which the region above M, translates
with speed V at =0 is

V =0
Y

Vs
V

between Vt. and ' , where s denotes distance'albng a Y line from
The region below oto is taken .rigid. A velocity solution ,-

corresponding to Figure 10(b) for which the region above P, translates
with speed V at = 0 is

V =0 ...

V VS~
P t

between P. and - , where s, denotes distance along a , line from
'.. 'The region below Po is taken rigid. These velocity. solutions

maintained through a small displacement would distort a grid of. initially
vertical lines as is shown in Figure 11(a). A velocity solution.-
corresponding to Figure 10(c) for which the region above. •. translates
with speed V. at 9 =Qis

V V

Vo =0

above 'le. The velocity vector experiences a tangential jump across
cc and the region below of, remains rigid. This velocity solution

10



maintained through a small displacement would distort a grid of initially
vertical lines as is shown in Figure 11(b).

A collapse load can quite simply be assigned to the characteristic
field of Figure 10(a) by noting that 1 = C -' N tan cp on a lines.
"It then follows from ¶ Q sin 6 and aN = - Q cos 6 that

1

Q =sin 6 -cos 6 tan (20)

For the case - 300 this equation is exhibited graphically in Figure
12. It follows readily from the Mohr diagram of Figure 3(a) that

(I+ 2 lan )r-c- -6;jo, on P lines. Then from I = Q sined
and = -Q cos( it follows that

Q/c 1 (21)
sin 6(1 + 2 tan2c)- cos 6 tan c .

corresponds to Figure 10(b). This equation is also exhibited graphically
in Figure 12 for the case of -= 300. It follows from the geometry of
Figure 10(c) that '/L = tan 4 EOD > /sin .0. The results of the
previous sections are applicable to find 9 and P/c- ; the collapse
load is then given by

Q/c " sin < EOD > [pkc) (22)
sin 

"

For the case = 300 and plates with E ROD> = 40, 70, and 100 the
plate performance curves of Figure 8 were used to exhibit equation (22)
graphically in Figure 12.

Bekker (1) analyzed this problem previously and obtained a collapse
load equivalent to the one obtained here corresponding to Figure 10(a).
As was discussed by Bekker.(3), (4), this solution implies that the
drawbar pull of tracked vehicles should be independent of spud depth and:
spud spacing. The solutions obtained here have the following implications,
for track design: As long as < EOD 7 is greater than roughly 80 of 10o
then drawbar pull is independent of < EOD > . However, for lesser
values of < EOD 7 significant reductions of drawbar pull can result
from decreasing - EOD > . Such reductions would occur only in terrains
of reasonably high strength soil,

11



CONCLUSIONS:

It is the opinion of the author that the solutions obtained for the
plate with the single spud are sufficiently descriptive of field
situations involving weapon spades that useful implications for, spade
design can be deduced.

The infinitely long plate problem, however, involves a troublesome
nonuniqueness of solution, as is indicated in Figure 12. For sufficiently
small inclinations of the collapse load to the horizontal, three solutions
have bean obtained, each having a distince collapse load magnitude. For
steeper inclinations, two solutions have been obtained; each with a
distinct collapse load magnitude. It appears likely to the author that
the solutions with the lowest load magnitude will best correlate with
field situations. This, however, is a matter which would be more
satisfactorily approached by experiment than conjecture.

12
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D- "
r -

= -

Figure 1. Configuration of plate and soil before and after

small indentation. Soil below the dashed curve

has remained rigid. OD and < EOD > are the

essential plate parameters.

,E 0 60

050 OV

0 0

Fig. a . .. Fig. b

Figure 2. Plates with Curved or Inclined Grousers
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e3 -,,-

Fig. a Fig. b

Figure 3. The Coulomb Yield Condition

03-

Figure 4. The a line and B line are characteristic curves

of the stress equations. Either the o and y lines.
or the p and O lines are the characteristic curves

of the velocity equations.
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D

Figure 5(a). Stress Characteristic Field c = 300, : -.250

"Figure 5(b). Stress Characteristic Field cp = 300, .6 - 100
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Figure 5'(c).. Stress Characterist ic Field c = 300, e = 620

Figure 5(d). Stress Characteristic Field c - 300, 8 450
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Figure 6(a). Configuration of Initially Square Grid after.
Small Plate Displacement . s 30O, 0 - -25°

r • -- - I II I ...1 - - -1

Figure 6(b). Configuration of Initially Square Grid after
Small Plate Displacement • - 300, 8 = 100.
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Figure 6(c). Configuration of Initially Square Grid. after

Small-Plate Displacement t = 30 0, 75 0

Figure 6(d). Configuration of Initially Square Grid after-

Small Plate Displacement -30, 8) 750

18
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•~ 4.

Figure. 7(a). Plate Load and Stress Characteristic Field.
The line of action of the plate load intersects
the "line OD at its midpoint.provided A lies
to the right of 0 . If A lies to the left of
0 as in fig. 5(a), then the line AD is inter-
sected at its midpoint by the plate load.

ft

Figure 7(b). Mohr'Diagrani. '::-.(:.*: + ! •), ' :Tr:.
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Figure 9. Section of Infinitely Long Plate with Equally Spaced.
Spuds of Uniform Depth Before and After Small Indentation

m.6

_- i _.. ... _-_ ' . . .. '• '

A-

WAD0

Lt ~(b) 1

L_

Figure 10.. Alternative Characteristic Fields for Infinite Plate
Problem. - 300

• . • .. (a)

(b)

Figure 11. Configurations of Grids of Initially Vertical Lines.

"Fig. 11(a) corresponds to figs. 10(a)"and 10(b).
Fig. 11(b) corresponds to fig. 10(c).
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CU

S8Collapse Load Corresponding to fig., 10(a)

oCollapse Load Corresponding to fig. 10(b) '

$4-

S6

CO
r-4
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U2

0

4-''Claps ColpeLodCrosodigtaigd0b

"w -

t...

a,

o

* a

• .

- -. ?

0 /0
.• 2, ..•/ ,'••7

•- i• "Collapse Load
0' / i " corresponching.. .

S.to fig, •lQ(c) ••-

3Z0 0 4•'0 6"0 60 * 70 80 * O.

6 - Inclination to Vertical of Collapse Load

Figure 12. Collapse Loads.for. Infinite Plate.. qc- 300'
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